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We investigate the collective spin dynamics of a self-rephasing bosonic ensemble of 87Rb trapped
in a 1D vertical optical lattice. We show that the combination of the frequency shifts induced by
atomic interactions and inhomogeneous dephasing, together with the spin self-rephasing mechanism
leads to the existence of a “magic density”: i.e a singular operating point where the clock transition
is first-order insensitive to density fluctuations. This feature is very appealing for improving the
stability of quantum sensors based on trapped pseudo-spin-1/2 ensembles. Ramsey spectroscopy of
the |F = 1, mF = 0〉 → |F = 2, mF = 0〉 hyperfine transition is in qualitative agreement with a
numerical model based on coupled Bloch equations of motion for energy dependent spin vectors.
I. INTRODUCTION
The coherent manipulation of ultra-cold atoms trapped
in optical lattices is of great interest for quantum in-
formation processing [1, 2], quantum simulation [3] and
high precision measurements. In particular, optical lat-
tices constitute a perfectly relevant framework for the de-
velopment of highly sensitive and accurate sensors, such
as optical lattice clocks [4–7] or inertial sensors [8–10];
sensors which subsequently find many outlets for explor-
ing many-body physics [11–13] and various aspects of
fundamental physics, such as testing General Relativity
[14, 15], searching for dark matter and drift of funda-
mental constants [16, 17] or probing short range forces
[18–20].
For many of these applications, high accuracy, sensi-
tivity and stability are required. Accuracy is ensured by
isolating, as much as possible, the probed atoms from the
external environment and by carefully controlling their
interactions with the trapping potentials: by using, e.g.,
“magic” traps [21, 22] for which the two atomic clock
states experience exactly the same AC-Stark shift. Sen-
sitivity is greatly improved by simultaneously interrogat-
ing a large number of atoms, which, in contrast with
single ion experiments, allows for better signal to noise
ratio when the measurement is limited by quantum pro-
jection noise [23]. Unfortunately, with a large number
of particles, the atom-atom interactions and the result-
ing density shift [24, 25] may also limit the performance
of the atomic sensor by adding deleterious bias, noises
and drifts. Notably measurements relying on ultracold
Fermi atoms, and a priori immune to such shifts, were
shown to be also impacted by s-wave (and p-wave) col-
lisions when atoms experience an inhomogeneous inter-
rogation field [26–28]. Different cancellation techniques
have then been developed such as tuning the pulses du-
ration in Ramsey [29, 30] and Rabi [31] spectroscopy or
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employing the interaction blockade mechanism [32] in a
strongly interacting system. As suggested by this lat-
ter mechanism, strong interactions can also be beneficial
and instigate interesting phenomena such as spin squeez-
ing from many-particle entanglement [33], collisional nar-
rowing [34] and, of relevance in the work presented here,
spin self-rephasing [35–38].
We explore here the so-called Knudsen regime, where
the cumulative effect of the identical spin rotation effect
(ISRE) [39], which originates from interactions of indis-
tinguishable particles in a non-degenerate gas, counter-
acts dephasing by keeping atoms synchronized and pre-
serves the coherence of an atomic ensemble for very long
times [35, 37]. This collective Spin Self-Rephasing (SSR)
mechanism leads to improved sensitivity and stability of
the sensor. In that regime, a thorough understanding
and modeling of the collective spin dynamics becomes a
major issue in order to also ensure a high accuracy.
In this paper, we investigate the collective spin dynam-
ics of a self-rephasing bosonic ensemble of 87Rb trapped
in a shallow 1D vertical optical lattice. We probe the
|F = 1,mF = 0〉 → |F = 2,mF = 0〉 hyperfine transition
by standard Ramsey spectroscopy. With mean atomic
densities n¯ around few 1011 atoms/cm3, the exchange
rate of the SSR mechanism ωex =
4pi~
m a12n¯ (where a12 is
the interstate scattering length and m the atomic mass)
becomes larger than the typical dephasing rate and re-
sults in a non-linear collisional shift. We show that the
interplay between this non-linear shift, the differential
collisional shift and the frequency chirp induced by inho-
mogeneities leads to the existence of a singular operating
point, for which the clock transition is first-order insen-
sitive to atom density fluctuations. Operating a quan-
tum sensor in this regime, that we name “magic den-
sity” (with reference to the so-called “magic wavelength”
[21, 22]), could lead to an increased stability of the mea-
surement. A numerical model, developed previously [40],
based on coupled Bloch equations of motion for energy
dependent spin vectors qualitatively catches the physics
of the problem.
The paper is organized as follows: in section II, the
physical system under study and the experimental set-
up are described. In section III, we study the evolution
2of the contrast, as well as of the center frequency of the
Ramsey fringes, versus Ramsey time and atomic density.
We observe and discuss the existence of a magic density
and introduce the numerical model used to reproduce our
experimental data.
II. PHYSICAL SYSTEM AND EXPERIMENTAL
SET-UP
In our system, described in details in previous work
[9, 41, 42], an ensemble of 87Rb atoms is trapped in a
shallow 1D vertical lattice at wavelength λL = 532 nm.
The basis can be restricted to two Wannier-Stark ladders,
associated to the two clock states |g〉 = |5 2S1/2, F =
1,mF = 0〉 and |e〉 = |5
2S1/2, F = 2,mF = 0〉. The
increment in energy between two consecutive lattice sites
is given by the Bloch frequency νB = 568.5 Hz. A micro-
wave field, resonant with this hyperfine transition νHFS ∼
6.834 GHz with a Rabi frequency tunable from 1 Hz to
few kHz, allows for a standard clock interrogation: i.e.
two pi/2-pulses separated by the Ramsey time TR.
The experimental set-up is described in [43] and is
dedicated to the measurement of short range forces by
trapped atom interferometry [20]. Initially, few 108
atoms of 87Rb are trapped within 500 ms in a 3D
magneto-optical trap (MOT) loaded by a 2D-MOT. Af-
ter a 100ms stage of compressed MOT, about 107 atoms
are transferred into an optical dipole trap realized by
two crossed beams at λ = 1070 nm with waists of 30 µm
and 200 µm and maximum powers of 10 W and 20 W
respectively. Evaporative cooling is performed by ramp-
ing down the power exponentially to typically 0.1 and
0.25 W within 2 s. The evaporation is stopped just be-
fore quantum degeneracy and few 104-105 atoms with a
temperature in the range 100-500 nK are then adiabati-
cally loaded within 100 ms in the vertical lattice. During
evaporation, a sequence of optical pumping, micro-wave
pulses and pushing beams polarizes the atomic sample
in the state |F = 1,mF = 0〉 with more than 99% effi-
ciency. The vertical lattice is realized by retro-reflecting
a 532 nm laser beam with 500 µm waist and maximal
power of 6 W. The transverse confinement is provided by
superimposing to the lattice a red detuned progressive
wave (λ = 1064 nm, 0.2 < PIR < 2 W, waist of 100 µm)
giving a maximum radial trapping frequency of νrad ∼ 45
Hz. Finally, a cloud of few 104 atoms with a transverse
size of 40 µm and a vertical size estimated to few µm is
obtained. The mean density n¯ can then be varied from
1× 1011 atoms/cm3 to few 1012 atoms/cm3 by changing
the 2D-MOT loading time.
We explore here the nondegenerate and collisionless
Knudsen regime where the trap frequencies are much
larger than the lateral collisions rate γc. This rate of ve-
locity changing elastic collision is given by γc ∼ 4pia
2vTn¯,
where a is the scattering length and vT =
√
kBT/m the
atoms thermal velocity, and corresponds to typically 0.3
s−1 ≪ νrad in our conditions.
After Ramsey interrogation, the atoms are released
from the trap and the populations Ng and Ne in both
hyperfine states are counted via state-selective detection
based on fluorescence in horizontal light sheets at the
bottom of the vacuum chamber. We then compute the
transition probability from |g〉 to |e〉: P = NeNg+Ne , which
depends sinusoidally on the phase difference accumulated
during the Ramsey sequence.
III. EXISTENCE OF A MAGIC DENSITY
For the SSR mechanism to occur, three conditions are
required: (i) the system has to be in the Knudsen regime,
(ii) the inhomogeneity of the transition, i.e. the inhomo-
geneous dephasing rate ∆0, must be smaller than the ex-
change rate ωex, (iii) the rate of lateral collisions γc must
be smaller than the exchange rate so that the rephas-
ing arises before atoms are scattered in different energy
classes.
Following the qualitative two macrospins model intro-
duce in [35], the SSR mechanism can be readily depicted.
The atoms are here divided into two energy classes. Af-
ter the first pi/2-pulse, these two classes have different
transverse spin precession rates because they experience
different potentials. In the absence of lateral collision
(γc < ωex), the atoms do not change class, and dephas-
ing initiates. In the presence of collective and cumulative
ISRE, the two classes rephase after an exchange period
Tex = 2pi/ωex (see [38] FIG.2 for a representation on the
Bloch sphere).
This dynamic can also be interpreted by analyzing the
system in the singlet-triplet basis of the two-spins states
[36]: there, dephasing is a precession between the triplet
and the singlet states. For bosons, interactions shift the
triplet states only (and not the singlet state) due to the
symmetry of the wave function. For sufficiently large
interaction strengths, the shift of the triplet states gets
larger than the dephasing rate, the precession between
the triplet and the singlet states is then forbidden and
dephasing is inhibited.
To model more quantitatively the spin dynamics we
use the model of [35, 38, 40]. There, the motion of atoms
in the trap is treated semi-classically. In the Knudsen
regime (γc ≪ νrad), the atoms undergo many oscillations
in the trap in between two lateral collisions which enables
to group the atoms according to their motional energy E.
The spin dynamics is then described with coupled Bloch
equations of motion for energy dependent spin vectors
S(E, t), with E in units of kBT :
∂tS(E, t) ≈[
∆(E)w + ωexS(t)
]
× S(E, t)− γc
[
S(E, t)− S(t)
]
(1)
where S(t) =
∫∞
0
dE′g(E′)S(E′, t) is the energy-average
spin (g(E) is the density of states) andw the vertical unit
vector of the Bloch sphere. In our experiment, the de-
phasing ∆(E) is dominated by the differential AC-Stark
3shift of the transverse trapping laser, the mean-field shift
and the second order Zeeman shift due to the vertical
biais field. It is given by:
∆(E) =
(
δAC0 +∆
AC
0 E
)
+∆MF0 e
−E/2 + δZ20
= δ0 +∆0E +O
(
E2
) (2)
The homogeneous dephasing δ0 is responsible for an off-
set of the hyperfine frequency whose value is the sum
of δAC0 /2pi = −0.7 Hz, δ
MF
0 /2pi = ∆
MF
0 /2pi = −0.05n¯
(with n¯ in unit of 1011 atoms/cm3) and δZ20 /2pi = 4.7 Hz
[44]. The linear part ∆0 = ∆
AC
0 −
1
2
∆MF0 corresponds
to the inhomogeneous dephasing and does not depend
on the Zeeman effect as the magnetic field inhomogene-
ity is negligible among the cloud. In the 2D harmonic
approximation, we estimate ∆0/2pi = 0.17 + 0.025n¯ Hz
[45]. The second term in Eq.(1), non linear in spin den-
sity, represents the exchange mean-field due to ISRE and
is responsible for the SSR mechanism. The last term in
Eq.(1) is the effective spin relaxation due to lateral colli-
sions.
At a given evolution time TR and after an homoge-
neous pi/2-pulse, as the energy-average spin S(TR) stands
in the equatorial plane of the Bloch sphere, we can then
directly derive the contrast C(TR) = |S(TR)| and the
frequency measured by Ramsey spectroscopy ν(TR) =
arg
[
S(TR)
]
/2piTR. In particular in the Knudsen regime,
by considering a linear dephasing ∆(E) = ∆0E and with-
out exchange interaction, the energy-average spin vector
can be expressed as
S(TR) = Sx + iSy
=
∫∞
0
g(E) exp(i∆0ETR)dE
= (1− i∆0TR)
−d
(3)
where d is the dimension of the problem.
1. Study of the Coherence
In a first series of experiments, we study the contrast of
Ramsey interferometers. The contrast is extracted from
the envelop of the Ramsey fringes, which are obtained
by scanning both the Ramsey time and the phase of the
exciting field. The evolution of the contrast in the lattice
for different atomic densities is shown in FIG. 1. It fol-
lows the same trend already observed in single well mag-
netic [35] and optical dipole traps [37, 38]: the contrast
initially drops because of inhomogeneities and then sta-
bilizes at a value which increases with n¯ thanks to SSR.
Nevertheless, no clear contrast revivals at the exchange
period is observed here.
In order to adjust these results with the model, the
following approximations have been made: (i) The radial
potential is a 2D harmonic oscillator. (ii) The dynamics
in the vertical direction is supposed to be frozen. Indeed,
no collision event is likely to change the vertical motion
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FIG. 1. (Color online) Contrast versus Ramsey time TR
for different mean atomic densities n¯. For large TR, the con-
trast increases when n¯ increases as a consequence of spin self-
rephasing. The solid lines corresponds to fit according to
Eq.(1) with ωex, γc, ∆
AC
0 and ∆
MF
0 as free fitting parameters.
of an atom (i.e. Bloch oscillations in that case) as the en-
ergy scale of atom-atom interactions is low compared to
the Bloch frequency. An ensemble of independent wells
is thus considered and the dynamics in each well is mod-
eled using Eq.(1). (iii) Each of these wells is populated
assuming an initial gaussian linear density distribution in
z. The contrast is then derived by calculating the norm
of the sum over all wells of all spins. This explains the
absence of sharp revivals in the contrast: as there is a
different density in each independent well, this leads to a
gaussian distribution of ωex(z) which damps the contrast
revivals by averaging over the cloud.
As shown in FIG. 1, our numerical model (solid lines)
reproduces well the behaviour of the experimental curves.
Nevertheless, as there is no sharp contrast revival, the
adjustment of the fit parameters is more delicate than in
previous experiments [35, 37, 38], as they are not com-
pletely independent. The final set of fitting parameters
gives us ωex/2pi = 0.32(2)× n¯ Hz and γc = 0.040(4)× n¯
s−1. These values are respectively smaller by a factor
0.6 and 0.3 than the expected values. This fact, also
observed in [35, 37, 38], is a consequence of the infi-
nite range approximation taken for these two contribu-
tions in Eq.(1), which overestimates their effects. The
inhomogeneities parameters do not exhibit a clear de-
pendency on density and we obtain ∆AC0 /2pi = 0.24(5)
Hz and ∆MF0 /2pi = 0.40(8) Hz. These values are larger
than expected: ∆0/2pi = 0.17 + 0.025n¯ (with n¯ in unit
of 1011 atoms/cm3, cf. Eq.(2)). For comparison, by
fitting the contrast evolution according to Eq.(3) in di-
mension d = 2, for the lowest density n¯ = 1.3 × 1011
atoms/cm3 (cf. black squares in FIG. 1) and for short
Ramsey times (TR < Tex), we extract an inhomogeneity
4of ∆0/2pi = 0.271(2) Hz, in better agreement with the
previous estimation, showing that experimental parame-
ters are well under control.
As with previous experiments based on single well
traps [35, 37, 38], this model allows for a good under-
standing of the coherence of our self-rephasing ensemble
of ultra-cold atoms trapped in a 1D lattice. In the follow-
ing, we further confront this model to our experimental
measurement of the center frequency and show that it
also reproduces the existence of a magic density.
2. Study of the Frequency
In our system, three main contributions affect the evo-
lution of the hyperfine frequency during a Ramsey se-
quence:
(i). Atomic interactions lead to an offset of the clock
frequency, linear with the atomic density and given by
δMF0
2pi
=
2~
m
(a22 − a11) n¯ (4)
where a22 and a11 are the scattering length for atoms in
|F = 2,mF = 0〉 and |F = 1,mF = 0〉. As a22 < a11 for
87Rb, the collisional shift is negative.
(ii). The inhomogeneous dephasing gives rise to a chirp
of the clock frequency [46]. Using Eq.(3) we obtain :
∆νinhom(TR) =
2
2piTR
arctan(∆0TR) (5)
with a dimension d = 2.
(iii). The collective SSR mechanism counteracts de-
phasing [35, 37, 38] and keeps atoms synchronized. Typ-
ically, for Ramsey times TR > Tex, the chirp induced by
the inhomogeneous dephasing (cf. Eq.(5)) is inhibited
and the clock frequency remains constant.
From Eq.(1), the numerical derivation of the clock fre-
quency as a function of the Ramsey time is depicted in
FIG.2.(b) for three values of the mean atomic density
n¯ = {1.25, 1.78, 2.80}× 1011 atoms/cm3. The three pre-
vious contributions to the clock frequency can be clearly
observed: first, the collisional shift creates a negative off-
set at TR = 0 which increases linearly with the density.
Secondly, the positive inhomogeneity ∆0 > 0 begets a
down-chirp which is, thirdly, counterbalanced by the ef-
fect of exchange interactions. The larger the density, the
shorter the Ramsey time at which this happens. These
simulations are in good agreement with the experimental
results shown in FIG.2.(a) (the values of the parameters
ωex, γcoll, ∆
AC
0 and ∆
MF
0 will be discussed later). We can
notice the existence of crossing points between the curves
for different n¯ at given values of TR. At these singular
operating points, the clock frequency is identical for two
different densities and there thus exists in their vicinity a
“magic density” where the clock frequency is insensitive
at first order to density fluctuations. We can also notice
that for the highest density n¯ = 2.8 × 1011 atoms/cm3,
where the SSR mechanism is the most efficient, when
TR > Tex, the clock frequency remains very stable with
the Ramsey time.
In the following paragraph, we qualitatively discuss a
necessary condition for the existence of a magic density.
Here, we consider the evolution of the clock frequency
as a function of the Ramsey time for two atomic ensem-
bles with different densities n¯1 < n¯2 and whose inhomo-
geneities ∆0 are equivalent (see FIG.2.(b)). Because of
SSR, the chirp induced by the inhomogeneous dephasing
will be stopped at shorter Ramsey time for the highest
density n¯2. In these conditions, if we consider a down-
chirp, i.e. a positive inhomogeneity ∆0 > 0, a negative
collisional shift (cf. Eq.(4)) is necessary to obtain a cross-
ing point (and inversely for a down chirp). The sign of
the collisional shift δνMF and of the inhomogeneous de-
phasing ∆0 must thus be opposite for the existence of a
magic density.
In a second series of experiments, we measure the clock
frequency as a function of the atomic density for different
Ramsey times (cf. FIG.2.(c)). There, the atomic density
is evaluated by measuring the collisional shift (cf. Eq.(4))
with Ramsey spectroscopy at short TR < Tex. As sug-
gested by the previous results (cf. FIG.2.(a) and (b)), for
TR < 0.8 s , there is no crossing points between curves
for different n¯ and so the collisional shift remains mono-
tonic and no magic density is observed. For TR > 0.8
s, there exist different crossing points and when TR > 1
s, all the curves for 1 < n¯ < 3 × 1011 atoms/cm3 es-
sentially converge on the same constant frequency shift.
In these conditions, a non-monotonic collisional shift is
expected and indeed a magic density is clearly observed
around n¯ ∼ 1.8 × 1011 atoms/cm3 for TR > 1 s. On the
FIG.2.(c) and FIG.2.(d), the measurements are qualita-
tively in good agreement with the numerical model.
Solid lines in FIG.2.(c) and (d) are numerical evalua-
tions of Eq.(1) using only one free fitting parameter ∆AC0 .
ωex and γc are extracted from the fit of the contrast study
presented in FIG.1. ∆MF0 is set to its expected value
[47]. We obtain ∆AC0 /2pi = 0.30(2) Hz, larger than the
expected value but in agreement with the contrast study.
For comparison, a fit of the data points of FIG.2.(a) by
Eq.(5) for TR < 0.8 s leads to ∆
AC
0 /2pi = 0.22(2) Hz,
which again agrees better with the expected value.
IV. CONCLUSION
We have shown that the interplay between inhomo-
geneous dephasing, collisional shift and exchange inter-
action leads to the existence of a magic density if the
sign of inhomogeneous dephasing is opposite to that of
the collisional shift. This singular phenomenon, which
occurs at an intermediate density regime for which spin
self-rephasing starts to counteract the frequency chirp in-
duced by inhomogeneous dephasing, is well reproduced
by a numerical model based on coupled Bloch equa-
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FIG. 2. Magic density - (Color online) - (a) Frequency shift as a function of the Ramsey time for three different values of the
atomic density and (b) curves obtained from the numerical model. (c) Frequency shift as a function of the atomic density for
different values of the Ramsey time and (d) curves obtained from the numerical model; in (c) the two dashed lines correspond
to numerical model for TR = 200 ms and TR = 2 s. The values of the model’s parameters ωex, γcoll, ∆
AC
0 and ∆
MF
0 are discussed
in the text. The value of the frequency shift at the origin is given by the homogeneous dephasing δ0 (cf. Eq.(2)).
tions of motion for energy dependent spin vectors. The
existence of these singular operating points, where the
clock transition is insensitive to density fluctuations, is a
promising tool to increase the stability and the sensitiv-
ity of atomic sensors and especially by tackling one of to-
days’ main limitation in atomic clocks based on trapped
ultracold atoms. However, the current relative accuracy
on the clock frequency measured in our system (initially
not dedicated to perform high precision spectroscopy of
internal degrees of freedom) is at a level of few 10−12.
An improved numerical model is consequently necessary
if one wants to use the SSR mechanism for a competitive
accurate time keeping.
Finally, the magic density can in principle be adjusted
by tuning the inhomogeneities. In our experiment, the
differential light shift inhomogeneity can not be easily
varied (for instance by changing the laser power) with-
out modifying the size of the cloud, and thus the den-
sity. Instead, we could use Raman laser beams in a
counter-propagating configuration. For a sufficiently low
lattice depth, two-photons Raman transitions can coher-
ently and selectively couple given lattice sites thanks to
laser induce tunneling [41]. In these conditions, a pi/2-
Raman-pulse can be used to shift the atoms in |F = 2〉 by
a given number of lattice sites with respect to the atoms
in |F = 1〉. This would allow for a fine control of the
spatial overlap between atoms in each internal states and
subsequently for a fine tuning of the value of ωex ∝ a12n¯
and thus potentially of the magic density.
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